In this paper, the variational iteration method (VIM) is used to examine the Volterra integro-di erential forms of the singular Lane-Emden and the Emden-Fowler initial value problems and boundary value problems arising in physics, astrophysics and stellar structures. The Volterra integro-di erential forms of the Lane-Emden and the Emden-Fowler equations overcome the singularity behavior at the origin x = . The Lagrange multiplier, needed for the VIM, is λ = − for the various cases of the speci ed equations having distinct shape factors. We illustrate our work by analyzing few initial value problems and boundary value problems to emphasize the convergence of the acquired results.
Introduction
Many problems in physics, astrophysics and stellar structures, which occur on semi-in nite interval, are related to the Emden-Fowler equation [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] yxx
subject to the conditions
where k > is a constant, called shape factor. For g(x) = , Equation (1) is the standard Lane-Emden equation
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that has been used to model several phenomena in mathematical physics and astrophysics such as the theory of stellar structure and the thermal behavior of a spherical cloud of gas [11] [12] [13] [14] . The Emden-Fowler Equation (1) is sometimes called the generalized Lane-Emden equation.
The Lane-Emden Equation (3) was rst studied by the astrophysicists Jonathan Homer Lane and Robert Emden, where they considered the thermal behavior of a spherical cloud of gas acting under the mutual attraction of its molecules and subject to the classical laws of thermodynamics [11] . For other special forms of f (y), the well-known Lane-Emden equation was used to model several phenomena in mathematical physics and astrophysics such as the theory of stellar structure, the thermal behavior of a spherical cloud of gas, isothermal gas spheres, and theory of thermionic currents [11] [12] [13] [14] . A substantial amount of work has been done on this type of problems for various structures of f (y) in [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . The Emden-Fowler Equations (1) are singular differential equations which describe the equilibrium density distribution in self-gravitating sphere of polytropic isothermal gas [7, 8] and has a regular singularity at the origin x = . The polytropic theory of stars essentially follows out of thermodynamic considerations that deals with the issue of energy transport, through the transfer of materials between di erent levels of the star and modeling of clusters of galaxies [7] . The Emden-Fowler equation arises in the study of uid mechanics, relativistic mechanics, and in the study of chemically reacting systems
The singularity behavior that occurs at x = is the main di culty of Equations (1) and (3) . In [1] [2] [3] [4] [5] , the LaneEmden-Fowler Equations (1)-(2) were handled by using the Adomian decomposition method and the modi ed decomposition method. In [6, 7] , the same equation was handled by using the homotopy perturbation method and the variational iteration method. In [8, 9] , the variational iteration method was applied to study this problem. In [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , a variety of methods were used to investigate this problem for various cases of g (y) .
A considerable amount of research work has been invested to study the Lane-Emden-Fowler equations, where a variety of powerful methods were employed [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . The Adomian decomposition method (ADM) was mostly used to examine this equation analytically and numerically. The variational iteration method was also applied in a parallel manner to the ADM for numerical and analytical purposes. The Haar wavelet approach was used in [8] which has inuenced additional progress in this eld. It is normal in all aforementioned approaches to try to seek alternative e ective schemes that surmount the singularity behavior of this equation.
Recently, a novel e ective strategy was established in [1] to convert the Lane-Emden and the Emden-Fowler equations to equivalent Volterra integral equations or to equivalent Volterra integro-di erential equations of any order. The new Volterra integral forms were used in [1] , combined with the ADM, to address the singularity issue. This strategy was proven to be reliable and e cient as conrmed in [1] . A great deal of attention has been devoted to the study of the VIM [22] aimed at investigating various models, singular and nonsingular, linear and nonlinear, as well as ODEs and PDEs. The VIM accurately computes the solution in a series solution, that often converges to the exact solution, if such a solution exists.
Our approach in this work will run in two streams. First, we plan to convert the Lane-Emden and the EmdenFowler Equations (1) and (3) to its equivalent Volterra integro-di erential equations following the strategy used in [1] . The second aim is to apply the VIM for the transformed Volterra integro-di erential equations. The convergence concept will be emphasized by the obtained approximations that lead to the exact closed form solutions.
In particular, we will examine the Lane-Emden and the Emden-Fowler equations given by
and
respectively, subject to the initial conditions
and the boundary conditions
As stated before, we will manipulate the useful transformation used in [1] to convert each equation to an equivalent Volterra integro-di erential equation. In what follows, we only summarize the necessary steps for the conversion process, more details can be found in [1] .
. The Lane-Emden equation of shape factor of k >
The generalized Lane-Emden equation of shape factor of k > reads
where f (y) can take one of several linear or nonlinear forms.
To convert (9) to an integral form, we rst set
Di erentiating (10) twice, using the Leibniz rule, gives
In [1] , the Volterra integral forms (10)-(11) were proved to be equivalent to the generalized Lane-Emden Equation (9) . However, for k = , the integral form is
which can be obtained by letting k → in Equation (10) . Based on the latter results, we set the Volterra integral forms for the Lane-Emden equations as:
. The Emden-Fowler equation of shape factor of k >
The generalized Emden-Fowler equation of shape factor of k > reads
where f (x, y) can take one of several linear or nonlinear forms.
To convert (14) to an integral form, we rst set
Di erentiating (15) twice, using the Leibniz rule, gives
However, for k = the integral form is
which can be obtained by setting k → in Equation (15). Based on the last results, we set the Volterra integral forms for the Lane-Emden equations as
.
The variational iteration method
Consider the di erential equation
where L and N are linear and nonlinear operators respectively, and g(x) is the inhomogeneous source term. The variational iteration method admits the use of a correction functional for Equation (19) in the form
where λ is a general Lagrange's multiplier, which can be identi ed optimally via the variational theory, andũn is a restricted variation which means δũn = . The Lagrange multiplier λ is crucial and critical in the method, and it can be a constant or a function. Having λ determined, an iteration formula should be used for the determination of the successive approximations u n+ (x), n ≥ of the solution u(x). The initial approximation u can be any selective function. However, the initial values u( ), u ′ ( ), and u ′′ ( ) are preferably used for the selective zeroth approximation u as will be seen later. Consequently, the solution is given by
It is interesting to point out that the distinct forms of the Lagrange multipliers λ were formally derived in [1] , hence we skip the details. It su ces to present a brief summary of such results: For rst order ODE of the form
it was found that λ = − , and the correction functional gives the iteration formula
Generally, for the nth-order ODE
we found that λ = (− )
n− , and the iteration formula takes the form
The successive approximations u n+ , n ≥ of the solution u(x) will be readily obtained upon using any selective function u (x). Consequently, the solution is expressed as
In other words, the correction functional (27) will give several approximations, and therefore the exact solution is obtained via taking the limit of the resulting successive approximations.
. The VIM and the Lagrange multipliers
It is interesting to point out that the VIM can be used directly to solve the Lane-Emden and the Emden-Fowler equations as studied in [1] [2] [3] [4] [5] . In this case we summarize the steps to nd the Lagrange multipliers λ. In this section, we will describe the essential steps for using the variational iteration method and the determination of the Lagrange multipliers for various values of α. The correction functional for the Lane-Emden-Fowler equation reads
where δ(g(yn(ξ ))) = . In [1] [2] [3] [4] [5] , three important cases were derived: (i) For the cylindrical problems, we have k = . In this case, λ is given by
(ii) For the spherical problems, we have k = . The Lagrange multiplier λ is given by
(iii) For the general case with k > , the Lagrange multiplier λ is given by
Lane-Emden initial value problems
Next, we will study three Lane-Emden initial value models having singular behavior at x = , for the special cases k = and .
Example 1
We rst study the homogeneous nonlinear Lane-Emden type with k = :
with initial conditions
The rst order Volterra integro-di erential form for (31) reads
To use the variational iteration method for (33), the correction functional is set by
where the Lagrange multiplier λ = − . Considering the given initial values, we can choose y (x) = . Using this selection into (34), we get the following successive approximations
y (x) = + e x − e x + e x − · · · ,
It is worth noting that y was computed exactly, however the minor setback of the VIM is that when iterating more than once, the integral cannot be evaluated symbolically. Hence, we evaluated the integral numerically by replacing the integrand, namely r t e − yn(r) , by its Taylor polynomial P N (r) about r = . This resulted in noise terms, for instance, when estimating y (x), we got e x as a noise term which eventually disappeared as we computed higher approximations. The previous computations clearly yield the exact solution of (31), which is given by y(x) = ln(x + e), e = exp( ).
Example 2 First, we consider the homogeneous nonlinear LaneEmden type with k = :
The rst order Volterra integro-di erential form for (37) reads
To use the variational iteration method for (39), the correction functional for (39) is set by
where the Lagrange multiplier λ = − . Considering the given initial values, we can select y (x) = . Using this selection into (40) we obtain the following successive approximations
Note that y (x) and y (x) were evaluated exactly. However, as we move to higher iterated the integral cannot be evaluated symbolically. Therefore, analogous to the previous example , we have estimated the integral via replacing the integrand with its Taylor's polynomial expansion about r = . This resulted in noise terms (such as x in y (x)) which eventually disappear as we evaluate higher approximations. Disregarding these apparent noise terms, it is obvious that the iterates appear to converge towards the exact solution of (31), which is
Emden-Fowler initial value problems
In this section, we will consider two Emden-Fowler initial value models with singular behavior at x = . The two problems are selected for the cases k = and k = .
Example 1
Consider the homogeneous nonlinear Emden-Fowler type with k = :
As we stated before, the Volterra integro-di erential form can be extended to the Emden-Fowler Equation where f = f (x, y). The rst order Volterra integro-di erential form for (43) reads
To use the variational iteration method for (45), the correction functional is set by
where the Lagrange multiplier λ = − . Considering the speci ed initial values, we can select y (x) = . Using this selection into (46), results in the following successive approximations
This gives the exact solution of (31), namely,
Example 2
Consider the homogeneous nonlinear Lane-Emden type with k = :
As we stated before, the Volterra integro-di erential form can be extended to the Emden-Fowler equation where f = f (x, y). The rst order Volterra integro-di erential form for (49) reads
To use the variational iteration method for (51), the correction functional is set by
where the Lagrange multiplier λ = − . Considering the given initial values, we can select y (x) = . Using this selection into (52), we obtain the following successive approximations
This results in the following exact solution:
Lane-Emden boundary value problems
In this section, we will study a Lane-Emden boundary value models with singular behavior at x = . The boundary value problem we selected is for the case k = .
Example 1
We consider the homogeneous nonlinear Lane-Emden boundary value problem:
with boundary conditions
The rst order Volterra integro-di erential form for (55) reads as
To use the variational iteration method, we set the correction functional for (57) by
where the Lagrange multiplier λ = − . Considering the given initial values, we can select y (x) = a, where a is unknown to be determined. Using this selection into (58), we obtain the following successive approximations:
where y (x) and y (x) are computed but not listed. Substituting the boundary condition u( ) = √ into the approximations y j (x), j ≥ , and solving the resulting equations for a we obtain a sequence of approximations for a given by . , . , .
, . , · · · .
It is clear that this sequence converges to a = . Substituting a = into y (x) gives the approximation
that converges to the exact solution
Emden-Fowler boundary value problems
In this section, we will study Emden-Fowler boundary value models with singular behavior at x = . The boundary value problems we selected are for the case k = .
Example 1
First, we consider the homogeneous nonlinear Emden-Fowler boundary value problem:
For comparison reasons, we will apply the variational method to the Emden-Fowler problem without using the Volterra integro-di erential form. To use the variational iteration method for (63), we set the correction functional by
where the Lagrange multiplier λ = t(t − x ) x . Considering the given initial values, we can select y (x) = a, where a is unknown that will be determined. Substituting this selection into (65), we obtain the following successive approximations
where y (x) and y (x) are computed but not listed. Using the boundary condition u( ) = e − into the approximations y j (x), j ≥ , and solving the resulting equations for a we obtain a sequence of approximations for a given by . , . , . , .
, · · · .
Example 2
We now consider the inhomogeneous Emden-Fowler type with α = :
The correction functional for (70) reads as
where we used λ(ξ ) = ξ (ξ − x) x as given previously in (29). Considering the given initial values, we can select y (x) = . Using this selection into (72) we obtain the following successive approximations:
for some positive integer k. Taking the limit of the latter equation and recalling that
this in turn gives the exact solution
Example 3
We next consider the inhomogeneous Emden-Fowler type with α > :
The correction functional for (76) is given by
where we used λ(ξ ) = ξ (ξ − x ) x as was given previously in (30). Considering the given initial values, we can select y (x) = . Substituting this selection into (78), we obtain the following successive approximations 
this yields the exact solution
Emden-Fowler boundary value problems
In this section, we will study three Emden-Fowler boundary value models with singular behavior at x = . The three problems are selected for α = , and > , where the three distinct Lagrange multipliers in (28)-(30) will be used, respectively.
Example 4
We rst consider the inhomogeneous Emden-Fowler type with α = :
The correction functional for (82) reads as
where we used λ(ξ ) = ξ ln ξ x , as given previously in (28) . Considering the given initial values, we can select y (x) = + ax where y ′ ( ) = a. Substituting this selection
into (84), we obtain the following successive approximations:
Imposing the boundary condition y( ) = in all approximations y , y , ..., and solving each result for a we obtain the following sequence of values for a:
, . , .
It is obvious that this sequence converges to a = . Substituting a = in (85) gives the approximations
Note that there exists a noise term which obviously will vanish in the limit, hence the resulting exact solution of (82) is given by
Example 5
We next consider the homogeneous Emden-Fowler type with α = :
The correction functional for (89) is
where we used λ(ξ ) = ξ (ξ − x) x as given in (29). Considering the given initial value, we can select y (x) = + bx, where y ′ ( ) = b. Substituting this selection into (91), we obtain the following successive approximations − . , − . , − . , − . , − .
, − . , · · · .
It is obvious that this sequence converges to b = . Substituting b = in the approximations (92) gives
for some positive integer k. Upon taking the limit of the last equation, the exact solution will be given by
Example 6
We close this work by studying the inhomogeneous Emden-Fowler type with α > :
The correction functional for (96) reads
where we used λ(ξ ) = ξ (ξ − x ) x as given above in (30).
Considering the given boundary values, we can select y (x) = + cx, where y ′ ( ) = c. Using this selection into 
Noting that the noise terms vanish in the limit, the exact solution is given by
Conclusion
The present work exhibits the reliability of combining the Volterra integro-di erential equations of the Lane-Emden and the Emden-Fowler equations and variational iteration method for the solution of these singular equations.
In this work, we demonstrate that this strategy can be well suited to attain numerical and analytical solutions. The challenge arising due to the existence of a singularity at x = , can be easily addressed. The Lagrange multiplier used, for all cases of the parameter k, is λ = − . To support our work, we examined six distinct examples, initial value problems and boundary value problems. Some of the examples are linear and others are nonlinear. This is a signi cant feature of the variational iteration method in that it handles all problems in a straightforward manner without imposing any restriction that may change the physical nature of the solution. The results demonstrate the reliability and e ectiveness of the presented analysis.
